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$D_{m}^{k}D_{n}^{l}f \cdot g=(\frac{\partial}{\partial t_{m}}-\frac{\partial}{\partial t_{m}’})^{k}(\frac{\partial}{\partial t_{n}}-\frac{\partial}{\partial t_{n}’})^{l}f(t_{1}, t_{2}, \ldots)g(t_{1}’, t_{2}’, \ldots)|_{t’=t}$ .
,
$u=2 \frac{\partial^{2}}{\partial t_{1}^{2}}\log\tau$ , $v= \frac{\sigma}{\tau}$ , $\overline{v}=\frac{\overline{\sigma}}{\tau}$
, $u,$ $v,\overline{v}$ $\mathrm{K}\mathrm{P}$ {?}
$\frac{\partial}{\partial t_{1}}(4\frac{\partial u}{\partial t_{3}}-6u\frac{\partial u}{\partial t_{1}}-\frac{\partial^{3}u}{\partial t_{1}^{3}})-3\frac{\partial^{2}u}{\partial t_{2}^{2}}+24\frac{\partial^{2}}{\partial t_{1}^{2}}(v\overline{v})+0$, (2a)
$2 \frac{\partial v}{\partial t_{3}}+3u\frac{\partial v}{\partial t_{1}}+\frac{\partial^{3}v}{\partial t_{1}^{3}}+3(\frac{\partial^{2}v}{\partial t_{1}\partial t_{2}}+v\int^{t_{1}}\frac{\partial u}{\partial t_{2}}\mathrm{d}t_{1})=0$, (2b)
$2 \frac{\partial\overline{v}}{\partial t_{3}}+3u\frac{\partial\overline{v}}{\partial t_{1}}+\frac{\partial^{3}\overline{v}}{\partial t_{1}^{3}}+3(\frac{\partial^{2}\overline{v}}{\partial t_{1}\partial t_{2}}+\overline{v}\int^{t_{1}}\frac{\partial u}{\partial t_{2}}\mathrm{d}t_{1})=0$. (2c)
, $\sigma=0$ $\overline{\sigma}=0$ $\mathrm{K}\mathrm{P}$ .









$\mathrm{K}\mathrm{P}$ , . , ( $\ovalbox{\tt\small REJECT}$ $+$
) .





. $A_{2N}$ , $(i, j)$
$(i,j)$ [ . , $\mathrm{P}\mathrm{f}[A_{2N}]$ [ .
$\mathrm{P}\mathrm{q}.4_{2N}]=$
$\sum_{j_{1}<\mathrm{j}_{3}<\cdot\cdot<j_{2N-1},j_{1}<j_{2},\ldots,j_{2N-1}<j_{2N}}$
$\mathrm{s}\mathrm{g}\mathrm{n}(\begin{array}{lll}1 2 2Nj_{1} j_{2} j_{2N}\end{array})(j_{1},j_{2})(j_{3},j_{4})\cdots(j_{2N-1},j_{2N})$ .
$(1, 2, \ldots, 2N)$ . ,
$(1, 2, 3, 4)=(1,2)(3,4)-(1,3)(2,4)+(1,4)(2,3)$
. , (“Wick ”) :
$(1, 2, \ldots, 2n)=\sum_{j=2}^{2n}(-1)^{j}(1,j)(2, \ldots,\hat{j}, \ldots, 2n)$ . (3)
, $\hat{j}$ $j$ .
, (la-f) .
( ) .
$\frac{\partial}{\partial x_{n}}(l, m)=(l+n, m)+(l, m+n)$ $(n=1,2, \ldots)$ (4)
, $\tau,$ $\sigma,\overline{\sigma}$ , (la-f) .
$\tau \mathrm{w}=(1,2, \ldots, 2N)$ , $\sigma \mathrm{w}=(1,2, \ldots, 2N-2)$ , $\overline{\sigma}\mathrm{w}=(1,2, \ldots, 2N+2)$ .
A
$\tau,$ $\sigma,\overline{\sigma}$ , .
$\tau \mathrm{c}=(1,2, \ldots, 2N)$ , $\sigma \mathrm{c}=(c_{1}, c_{0},1,2, \ldots, 2N)$ , $\overline{\sigma}\mathrm{c}=(d_{0},d_{1},1,2, \ldots, 2N)$ . (5)
,
$(i,j)=c_{ij}+ \int^{x}(f_{i}g_{j}-f_{j}g_{i})\mathrm{d}x$ , $c_{ji}=-c_{ij}$ ,
$(d_{n}, i)=\partial_{x}^{n}f_{i}(x)$ , $(c_{n}, i)=\partial_{x}^{n}g_{i}(x)$ ,
$(d_{n}, d_{m})=(c_{n}, c_{m})=(c_{n}, d_{m})=0$ ,
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, [ $f_{k}(x, t),$ $g_{k}(x, t)$
$nf_{k}(x, t)=\partial_{x}^{n}f_{k}(x, t)$ , $\partial_{n\mathit{9}k}(x, t)=(-1)^{n-1}\partial_{x}^{n}g_{k}(x, t)$,
. , (la-f) .




. , Hermitian 1-matrix integral
$Z_{N}^{(\beta)}= \frac{1}{N!}\int_{-\infty}^{\infty}\cdots\int_{-\mathrm{r}.\prime}^{\infty}.\prod_{-}.$
.




KP . , $\mathrm{K}\mathrm{P}$
$\tau$ . ,
.
(6) $\beta$ , ,
, , $\beta=1,2,4$ . $\beta=2$
, (6) 1 :
$Z_{N}^{(\beta=4)}$ $=$ $\frac{1}{N!}\int\cdots\int\det[x_{k}^{j}]_{j,k=1,\ldots,N}^{2}\exp[\sum_{i=1}^{N}\eta(x_{i}, t)]\mathrm{d}x_{1}\cdots \mathrm{d}x_{N}$
$=$ $\det[\int_{-\infty}^{\infty}x^{k+j-2}\exp[2\eta(x, t)]\mathrm{d}x]_{j,k=1,\ldots,N}$ ,
( $\eta(\lambda,$ $t)= \sum_{i=1}^{N}\sum_{m=1}^{\infty}\lambda^{m}t_{m}$ ). , $Z_{N}^{(\beta=2)}$ $\mathrm{K}\mathrm{P}$ $\tau$
[Mo, MMM, Mul, Mu2]. ,
[An, $\mathrm{B}$]:
$\int\cdots\int\det(\phi_{j}(x_{k}))_{j,k=1,\ldots,N}\cdot\det(\psi_{j}(x_{k}))_{j,k=1,\ldots,N}\mathrm{d}x_{1}\cdots \mathrm{d}x_{N}$
$=$ $N! \det(\int\phi_{j}(x)\psi_{k}(x)\mathrm{d}x)_{j,k=1,\ldots N}’$ .









$Z_{N}^{(\beta=1)}$ $=$ $\int_{x_{1}\leq\cdots\leq}\cdots\int_{x_{N}}\det[x_{k}^{j-1}]_{j,k=1,\ldots,N}\exp[\sum_{i=1}^{N}\eta(x_{i}, t)]\mathrm{d}x_{1}\cdots \mathrm{d}x_{N}$
$=$ Pf $[ \int_{x<}\int_{y}(x^{j-1}y^{k-1}-y^{j-1}x^{k-1})\exp[\eta(x, t)+\eta(y, t)]\mathrm{d}x\mathrm{d}y]_{j,k=1,\ldots,N}$ , (7)
$Z_{N}^{(\beta=4)}$ $=$ $\frac{1}{N!}\int\cdots\int\det[x_{k}^{j},$ $(j-1)x_{k}^{j}]_{j=1,\ldots,2N} \exp[\sum_{i=1}^{N}\eta(x_{i}, t)]\mathrm{d}x_{1}\cdots \mathrm{d}x_{N}$
$=$ Pf $[ \int_{-\infty}^{\infty}(k-j)x^{k+j-3}\exp[2\eta(x, t)]\mathrm{d}x]_{j,k=1,\ldots,N}$ . (8)
(7), (8) (4) , $Z_{N}^{(\beta=1)},$ $Z_{N}^{(\beta=4)}$
KP $\tau$ [K1]. ,
Adler-van Moerbeke [AHM, AM, ASM], van de Leur $[\mathrm{v}\mathrm{d}\mathrm{L}]$
.
4 ?








A=G ) Pf(A)\neq 0 . , $A=(a_{ij})$
:
$(A^{-1})_{jk}=(-1)^{k+j-1}\mathrm{P}\mathrm{f}(\tilde{A}_{kj})/\mathrm{P}\mathrm{f}(A)$ .
$\tilde{A}_{kj}$ $A$ ( $k$ ,j)- .
, (3) .
KP [K2]. ,
Zakharov-Shabat “dressing method”[ZS] . , $F$ :
$\hat{F}\psi(x)=\int_{-\infty}^{\infty}F(x, z)\psi(z)\mathrm{d}z$.
, $F(x, z)$ $2\cross 2$ ,
$\frac{\partial}{\partial t_{n}^{(a)}}F(x, z)-E_{a}\frac{\partial^{n}}{\partial x^{n}}F(x, z)+(-1)^{n}\frac{\partial^{n}}{\partial z^{n}}F(x, z)E_{a}=0$ (9)
.
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, $F(x, z)$ “Volterra ” :
$(1+\hat{F})=(1+\overline{K}_{+})^{-1}(1+\overline{K}_{-})$ .
, $\overline{K}_{\pm}$ :
$\overline{K}_{+}\psi(x)=\int_{x}^{\infty}K_{+}(x, z)\psi(z)\mathrm{d}z$ , $\overline{K}_{-}\psi(x)=$ $-\infty x_{K_{-}(x,z)\psi(z)\mathrm{d}z}$.
$\overline{K}\pm$ “bare operarors”




$-B_{n}^{(a)})(1+ \overline{K}_{\pm})=(1+\overline{K}\pm)(\frac{\partial}{\partial t_{n}^{(a)}}-E_{a}\frac{\partial^{n}}{\partial x^{n}})$ .
(9) $\hat{F}$ bare operarors (10) , $B_{n}^{(a)}$
. , .
$B_{m}^{(a)}$ , 2 $\mathrm{K}\mathrm{P}$
.
, $F(x, z)$ :
${}^{t}F(x, z)=-JF(z, x)J$ , $J=(\begin{array}{ll}0 1-1 0\end{array})$ . (11)
, $F(x, z)$ . $F(x, z)$ $t_{n}=\{t_{n}^{(1)}-$
$(-1)^{n}t_{n}^{(2)}\}/2$ . $t_{n}$ , $\hat{A}_{n}$
:
$\hat{A}_{n}=(1+\overline{K}_{+})\{\frac{\partial}{\partial t_{n}}+(\begin{array}{ll}-1 00 (-1)^{n}\end{array}) \partial_{x}^{n}\}(1+\overline{K}_{+})^{-1}$.
, $\hat{A}_{2},\hat{A}_{3}$ , $\mathrm{K}\mathrm{P}$ (2a-c) [K2]. , A2, $\hat{A}_{3}$
$\mathrm{K}\mathrm{P}$ .
, (9), (11) $F(x, z)$ . ,
$F(x, z)=-Jt—(x)c_{-}^{-1-}-(z)$ (12)
. , $C$ , —(x)
—( ) $=(\begin{array}{lll}f_{1}(x) f_{2}(x) f_{N}(x)g_{1}(x) g_{2}(x) g_{N}(x)\end{array})$
. , (9) , $fj(x),$ $gj(z)$
:
$\frac{\partial}{\partial x_{n}}f_{i}=\frac{\partial^{n}}{\partial x^{n}}f_{i}$ , $\frac{\partial}{\partial x_{n}}g_{i}=(-1)^{n-1}\frac{\partial^{n}}{\partial x^{n}}g_{i}$ .
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$F(x, z)$ $K_{+}(x, z)$ , (Gelfand-Levitan-
Marchenko )
$K_{+}(x, z)+F(x, z)+ \int_{x}^{\infty}K_{+}(x, y)F(y, z)\mathrm{d}y=0$ (13)
[ . (12) $F(x, z)$ [ , $K_{+}(x, z)$
$t_{K_{+}(x,z)}=P\mathcal{K}(x)_{-}^{--}(z)$ , $t_{\mathcal{K}(x)}=(\begin{array}{lll}K_{1}(x) K_{2}(x) K_{N}(x)\tilde{K}_{1}(x) \tilde{K}_{2}(x) \tilde{K}_{N}(x)\end{array})$ ,
, (13) :
$[C+ \int_{x}^{\infty}---(y)J\iota---(y)\mathrm{d}y]\mathcal{K}(x)=---(X)$ .
, , Proposition 1
, $K_{+}(x, z)$ .
KP , (5) .
$\mathrm{K}\mathrm{P}$ ,
. , ,
(12) , (9), (11) .
, , .
5
$\mathrm{K}\mathrm{P}$ AKP, BKP ,
[Hil] (P. 136, [ 2]).








. (R. Willox ( ) . , R. Willox
. )
[JM], p. 974 , $D_{\infty}$’ :
$D_{\infty}’= \{\sum a_{jk}$ : $\psi_{j}\psi_{k}^{*}$ $:+ \sum b_{jk}\psi_{j}\psi_{k}+\sum c_{jk}\psi_{j}^{*}\psi_{k}^{*}+d\}$ .
$\psi j,$ $\psi_{j}^{*}(j\in \mathbb{Z})$ ,
$[\psi_{i}, \psi_{j}^{*}]=\delta_{\dot{\iota}j}$ , $[\psi_{i}, \psi_{j}]=[\psi_{\dot{l}}^{*}, \psi_{j}’]=0$ .
, $\mathrm{r}\text{ }\mathrm{f}\mathrm{f}\mathrm{l}W/\dagger\overline{\mathrm{H}}\text{ }$ :
$\oint\frac{\mathrm{d}k}{2\pi \mathrm{i}k}k^{n-n’-1}\mathrm{e}^{\xi(x-x’,k)}\tau_{n’+1}(x’+[k^{-1}])\tau_{n-1}(x-[k^{-1}])$
$+$ $\oint\frac{\mathrm{d}k}{2\pi \mathrm{i}k}k^{n’-n-1}\mathrm{e}^{\xi(x’-x,k)}\tau_{n+1}(x+[k^{-1}])\tau_{n’-1}(x’-[k^{-1}])$ (14)
$=$ $\{$
0 $(n-n’\equiv 0\mathrm{m}\mathrm{o}\mathrm{d} 2)$ ,
$\tau_{n}(x)\tau_{n’}(x’)$ $(n-n’\equiv 1\mathrm{m}\mathrm{o}\mathrm{d} 2)$ .
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$\tau_{n}(x)=\langle n|\mathrm{e}^{H(x)}g|n+\ell\rangle$ $(n\hslash\grave{\grave{1}}|\mathrm{f}\mathrm{f}\mathrm{l}\ovalbox{\tt\small REJECT} fx\mathrm{b}\ell=0, nl^{\theta}1_{\mathrm{p}}\mathrm{f}\mathrm{i}\ovalbox{\tt\small REJECT}’x\mathrm{b}\ell=1)$ , (15)
$g=\mathrm{e}^{X}(X\in D_{\infty}’)$ , $H(x)= \sum_{n=1}^{\infty}x_{n}\sum_{j\in \mathbb{Z}}\psi_{j}\psi_{j+n}^{*}$
$\xi(x, k)=\sum_{i}x_{i}k^{i}$ , $[k^{-1}]=( \frac{1}{k}$ $\frac{1}{2k^{2}}$ $\frac{1}{3k^{3}’}\ldots)$ ,
. ( , $\tau$ [JM] . )
, (la-f) . , $\mathrm{K}\mathrm{P}$ *‘.f\tilde $\hat{A}_{2}$ ,
$\hat{A}_{3}$ , .









. , $\mathrm{Y}$ :
$Y=$
$S_{Y}^{(s)}(x)$ , $s=1$ Schur . , $s=1$
$t_{2}=t_{4}=\cdots=0$ , Schur $Q$- . , $S_{Y}^{(s)}(x)$ Schur




, ( 1 , “
” ) . (14) $\tau$ (15)
, [Ta]
$\tau_{n},\ell(x, y)=\langle n|\mathrm{e}^{H(x)}g\mathrm{e}^{-\overline{H}(y)}|\ell\rangle$ , $\overline{H}(y)=\sum_{n=1}^{\infty}y_{n}\sum_{j\in \mathbb{Z}}\psi_{j}\psi_{j-n}$’
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. , (16) , [ASM]
$\text{ }$ ([ASM] (3.1) ).
6
(14) ,
[JM]. , $\ell,$ $m,$ $n$ 3 ,
$x=(\ell+1)[a]+(m+1)[b]+(n+1)[c]$ , $x’=\ell[a]+m[b]+n[c]$ (17)
( , $[a]=(a,$ $a^{2}/2,$ $a^{3}/3,$ $\ldots)$ ) ,
$abc(a-b)(b-c)(c-a)\tau N+2(\ell+1, m+1, n+1)\tau N-2(\ell, m, n)$
$+$ $a(b-c)\tau_{N}(\ell, m+1, n+1)\tau_{N}(\ell+1, m, n)$
$+$ $b(c-a)\tau_{N}(\ell+1, m, n+1)\tau N(\ell,m+1, n)$
$+$ $c(a-b)\tau_{N}(\ell+1, m+1, n)\tau_{N}(\ell,m, n+1)=0$, (18)
$(a-b)(b-c)(c-a)\tau_{N+2}(\ell+1,m+1, n+1)\tau_{N-1}(\ell, m, n)$
$+$ $(b-c)\tau_{N+1}(\ell,m+1, n+1)\tau_{N}(\ell+1, m, n)$
$+$ $(c-a)\tau_{N+1}(\ell+1, m,n+1)\tau N(\ell,m+1,n)$
$+$ $(a-b)\tau_{N+1}(\ell+1,m+1, n)\tau_{N}(\ell,m, n+1)=0$, (19)
. (18) [ASM] (3.6) , “Pfaff lattice”











$V_{n}^{t+1}= \frac{1+\delta V_{n+1}^{t}}{1+\delta V_{n-1}^{t+1}}\cdot V_{n}^{t}$





$x=(m+1)[a]+(n+1)[b]$ , $x’=m[a]+n[b]$ (20)
. , (14) .
a $\tau_{s}(m, n+1)\tau_{s+1}(m+1, n)$
$-b\tau_{s}(m+1, n)\tau_{s+1}(m, n+1)$
$-(a-b)\tau_{s}(m, n)\tau_{s+1}(m+1, n+1)$
$+ab(a-b)\tau_{s+2}(m+1, n+1)\tau_{s-1}(m, n)=0$ (21)
, $\tau_{s}(m, n)$ (15) $\tau$ (20) . “4-
reduction” ,
$\tau_{s+4}(m, n)=\tau_{s}(m, n)$
, (21) $\tau_{s}(m, n)(s=1,2,3,4)$ 4 ,
$\tau_{s}(m+1, n+1)(s=1,2,3,4)$ ,
$\tau_{1}(m+1, n+1)=\frac{1}{(a^{4}b^{4}-1)\tau_{1}(m,n)\tau_{2}(m,n)\tau_{4}(m,n)}$
$\cross$ { $\tau j(m,$ $n),$ $\tau j(m+1,$ $n),$ $\tau j(m,$ $n+1)(j=1,2,3,4)$ 4 }
.
, $a,$ $b$ $a=\mathrm{i}\alpha,$ $b=-\mathrm{i}\beta$ ,
$\mathrm{i}\cross$ $=$ $+\alpha\tau_{1}(m, n)\tau_{2}(m, n)\tau_{1}(m+1, n)\tau_{4}(m, n+1)$
$+\beta\tau_{1}(m, n)\tau_{2}(m, n)\tau_{4}(m+1, n)\tau_{1}(m, n+1)$
$+\alpha^{2}\beta\tau_{2}(m, n)\tau_{3}(m, n)\tau_{2}(m+1, n)\tau_{1}(m, n+1)$
$+\alpha\beta^{2}\tau_{2}(m, n)\tau_{3}(m, n)\tau_{1}(m+1, n)\tau_{2}(m, n+1)$
$+\alpha^{3}\beta^{2}\tau_{3}(m, n)\tau 4(m, n)\tau_{3}(m+1, n)\tau_{2}(m, n+1)$
$+\alpha^{2}\beta^{3}\tau_{3}(m, n)\tau 4(m, n)\tau_{2}(m+1, n)\tau_{3}(m, n+1)$
$+\alpha^{4}\beta^{3}\tau_{4}(m, n)\tau_{1}(m, n)\tau_{4}(m+1, n)\tau_{3}(m, n+1)$
$+\alpha^{3}\beta^{4}\tau 4(m, n)\tau_{1}(m, n)\tau_{3}(m+1, n)\tau_{4}(m, n+1)$
, $\alpha,$ $\beta>0$ .
, $\tau$ ,
.
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